Unconventional odd-parity superconductivity in the ladder compounds 
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Superconductive properties of the two-leg ladder compounds are studied theoretically. The anti- 
ferromagnetic fluctuations are considered because of the good nesting of the Fermi surfaces. The 
attractive interaction which is most likely due to the electron-phonon coupling is also taken into 
account. Under this circumstance, it is shown that the superconductivity has two sets of spin-triplet 
pairings. The gaps for both pairings have no node. 
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A number of unconventional superconductivities are 
under intensive study in recent years. Examples include 
the high T c cuprates, heavy fermions, Sr2Ru04, organic 
conductors etc. The common property of these com- 
pounds is the existence of antiferromagnetic(AF) fluc- 
tuations. Because of this a large number of works are 
devoted to understand the unconventional nature from 
AF fluctuations. As a result most of them neglect 
the electron-phonon interactions which explain most of 
the superconductors |Ej before the discovery of the high 
T c cuprates. Although, there exist a few attempts to 
explain the unconventional nature of superconductivity 
from attractive interactions (which most likely come from 
electron-phonon coupling) under the influence of AF fluc- 
tuations H [5] . 

Recently the ladder compounds which may have some 
connections with the high T c cuprates were found. The 
crystal structures are different but the basic role of Cu 
and O looks similar. Hiroi et al. Q were the first to syn- 
thesize the family of layer compounds Sr„_iCu„02 n -i ) 
which have arrays of parallel line defects. Nearly ideal 
ladder compounds should result. The first member (n — 
2 or SrCusOa) has two-leg ladders, the second (n = 3 
or S^CuaOs) has three-leg ladders and so on. It was 
also clearly shown that the material LaCu02.5 has an 
insulator-metal transition upon hole doping by substitu- 
tion of Sr 2+ for La 3+ but no sign of superconductivity 
was observed . There have been considerable interests 
in magnetism of the ladder compounds || . 

The ladder material (Sr, Ca)i4Cu2404i_5 was synthe- 
sized by MaCarron et al. [§J and by Siegrist et al. |jTo| . 
In this compound superconductivity was found by Ue- 
hara et al. jjT|. It appears at around T c ~ 10K but only 
under high pressure more than 3GPa. Due to this limi- 
tation essential properties of these compounds have not 
yet clarified by experiments. In particular the nature of 
superconductivity is not well understood. 

In this paper we study the superconductive properties 
of two-leg(two-chain) ladders theoretically. In order to 
obtain universal features we only consider the minimum 
model which is supposed to give essential features of su- 
perconductivity. Details which are pertinent to specific 
compounds are not considered. Neither did we try to 
estimate the values of physical quantities like T c . This 
is because, for quantitative predictions, one needs to fix 
various physical quantities which are not known theoret- 



ically or experimentally. Although, as shown below, T c 
is similar to those of the classical BCS superconductors. 

The existence of unconventional spin-triplet supercon- 
ductivity in the ladder systems is shown. This result 
seems to be robust and there is a possibility to find un- 
conventional superconductivity in other ladder materials 
which include more than two legs ladders. 
-Band structure 

The energy dispersion of the noninteracting two-chain 
ladder is given 



e(k) = -2tcosk x ± t', 



(1) 



where t is the transfer integral in the re-direction which 
is along the chains (usually denoted as c-axis direction), 
and t' is the transfer integral between the two chains. 
The two transfer integrals, t and t' have the same order 
of magnitude. The sign in front of t' represents parity 
with respect to exchange of the two chains. 

The inter-ladder hoppings are small and estimated to 
be t" ~ 1/20 to 1/30 t', and we shall neglect them here- 
after. 



FIG. 1. The Fermi surfaces in the first Brillouin zone. The 
broken lines are the Fermi surfaces of the even-parity (with 
respect to exchange of the two chains) lower band and the 
dotted lines are the Fermi surfaces of the odd-parity upper 
band. 

There are four Fermi surfaces as shown in Fig. [l]. The 
superconductive pairs with finite momenta are in general 
have smaller binding energies compared with those with 
momentum zero, i.e. those consist of electrons in the 
same band (either + or — in Eq.(||)). Therefore we shall 
consider only one band and the two Fermi surfaces for 
the moment. 
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-Attractive interaction 

First let us study interactions which are attractive and 
do not change spins. See Fig. [2| The general form is 

flint = - E E '■ /(9)4+g,a a ^" a i'- 9 ,/3 a fc',/3 : : ( 2 ) 
k.k' a, {3 



where f(q) > represents an attractive interaction and 
mainly depends on q x . It has a peak at q x — 0. Here 
: : denotes creation-annihilation normal ordering. This 
interaction most likely comes from electron-phonon cou- 
pling. Let us concentrate on the interactions which are 

, I. / t ,x . . rrii i ii i j changed by the interaction 

relevant to (k, — k) pairing, ihus choose k = — k and & J 

put q = k" — k 
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FIG. 3. Interaction which involves spins. The spins can 
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-Magnetic interaction 

The general form of magnetic interaction is written (see 



Let us introduce V SlS2S3S4 (k,k') by 



flint 

1 
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= ?E E V SlS2S3 s 4 ( k , k ') a l k . Sl a k, S2 a k\s 3 a^ k ^ Si , (4) k,k',qa,0,y,6 

E E 

k,k f ,q a,/3,7,<5 



= - E E 1 J x{l){^x)aP • (CT 2; )7<5 a l+< ?: a a fc,/3 a i'- 9 , 7 a fe- 

"EE : J a(«)(°'y)"/3 • ( fJ y)75 a i+ g , a a fc,/3aL_ (?i7 afe',5 



where s^s are spin indices. By the symmetry 



E E J M){vz) a p-{oz) 1 sal +qa a K pal,_ qrf a k > i & 



V.siS2s 3 s l {k,k ) V S2SlS3Si ( k,k) 



(5) 



we obtain 



Vs 1 S2S 3 S4 (&> & ) 

= ^{/(fc + fc') + /(-fc - fc'))}<W S2S4 



(6) 



In general Ji{q)(> 0)'s (i = x,y,z) are different each 
other, but for simplicity we treat explicitly only the case 
Jx(q) — Jy(q) — Jz{q) = J{q) in the following. The 
anisotropy of the magnetic interaction amplifies the ten- 
dency toward the odd-parity superconductivity and it 
determines the direction of the d vector ( which is defined 
by Eq.(|l6|)) ||. If the anisotropy is strong enough, the 
odd-parity superconductivity is realized even if f(q) = 0. 

By considering only the terms which contribute (k. —k) 
pairings, we have (by putting k = —k') 
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Put q= k" -k then 
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FIG. 2. Interaction which does not involve spin. The spins 
does not change by the interaction. 
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By comparing this equation (^|) and Eq.(Q), and using 
the symmetry (^|), the magnetic interaction is written 



^aTsa S3 «4 ^ ) 

_I {J(fc _ fc') + j(_fc + fe')}(5% lS4 • (a) S2S3 . (10) 
-Gap equation [jD 

We use the weak coupling BCS theory. It is possible 
that the strong-coupling corrections modify the results 
quantitatively but not qualitatively because T c is not so 
high. The gap equation is 



^ss' {k) — ^ V S ' SS3S4 (k, k ) 

k' ,S3 ,S4 



tanh 



where the (scalar) excitation energy is given by 



(11) 



- \je{kf + itr(A(fc)A(A:)t), (12) 

For even-parity states (spin-singlet pairing) one can 
write ATI 



A(fc) = ia y tp(k) 



(13) 



with ^£>(fc) = ip(—k). Thus the gap equation for even- 
parity states is 



h' ' \ / 



(14) 



where V£ff n is obtained from Eq.(g) and Eq.([10|) as 



V-cvcn 
kk' 

= ~{f(k + k') + f(-k - k') + f(k - k') + f(-k + k')} 

+ \{J{k + k') + J(-k - k!) + J(k - k') + J(-k + jfe')}. 

(15) 

For odd-party states (spin-triplet pairing) one can 
write 01 



A(fc) = i(d(k) ■ a)u v 



(16) 



with d(k) = —d(—k). The gap equation for odd-parity 
states is 



^)=-^^ d ifftanh 



(17) 



where V£ dd is obtained from Eq.(^) and Eq.(|lO|) as 



T^odd 
v kk' 

= -{/(* + *') + f(-k - k') - f(k - k') - f(-k + k')} 

+ \{J{k + k') + J(-k - jfe') - J[k - k') - J(-k + k')}. 

(18) 

-BCS approximation Q| 

Following the BCS treatment of superconductivity we 
make further approximations. Namely the pairing in- 
teractions are constant within the cutoff and zero out- 
side the cutoff. The function f(q) has a peak at q x = 
but it is approximated by a constant V > 0. Therefore 
this interaction corresponds to the phonon-mediated in- 
teraction in the classical BCS theory In addition to this 
interaction the ladder compounds have interactions due 
to AF fluctuations which are induced by nesting of the 
Fermi surfaces in a similar fashion to some of the organic 
conductors or the high T c cuprates in the low doping re- 
gion. Since the Fermi surfaces are straight and parallel, 
the nesting is perfect. Therefore the nesting vector is 
Q = (c, k y ,k z ) where c is the distance between the two 
Fermi surfaces of the same band. See Fig.l. (Nesting is 
also perfect between the Fermi surfaces of different bands. 
But these are not relevant to the superconducting pairing 
of (k,—k).) Therefore there exist AF fluctuations with 
nesting vector Q. Now we take the magnetic interaction 
J(q) to be constant J(Q) > when q is is close to Q 
and connects two points in different Fermi surfaces (of 
the same band) within the cutoff. Then Eq.(^B|) gives 

V cvcn = -V + 3J(Q) (19) 
for even-parity states, and Eq.JTil) gives 

^odd = _ v + j(g) (20) 

for odd-parity states. Therefore we always have —V odd > 
_yeven ag \ on g as magnetic interactions are present. It 
leads to odd-parity (spin-triplet) pair condensation with 



T c = 1.13wDe 



l/{N(k F )V° dd } 



(21) 



where ujd is a cutoff. 

When the anisotropy of AF fluctuations is taken into 
account, V odA is replaced by 



V 



odd 



-V- J X {Q) + J y {Q) + J Z {Q) 
-V - J y (Q) + J Z (Q) + J X (Q) 
-V - J Z (Q) + J X (Q) + J y {Q) 



for d. 
for d, 
for d 



^0 
^0 



(22) 



It can be seen from Eq.(|22j) that if AF fluctuations per- 
pendicular to the d vector are strong enough, there is no 
superconductive condensation. It also can be seen that 
AF fluctuations parallel to the d vector promote the odd- 
parity superconductivity. It is rather straightforward to 
show that there is no node in the gaps from the gap equa- 
tion (IT7 
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-Discussions 

To conclude, we study the unconventional superconduc- 
tive nature of the two-leg ladder compounds. The at- 
tractive interactions which are most likely due to the 
electron-phonon coupling are considered. AF fluctua- 
tions from the good nestings of the Fermi surfaces are 
also included. 

Our main conclusion is that the two-leg ladder com- 
pounds have two sets of spin-triplet superconductive 
states without nodes in the gap corresponding the two 
sets of the Fermi surfaces. These superconductivities are 
suppressed by AF fluctuations perpendicular to the d vec- 
tor and vanish if the AF fluctuations are strong enough. 
Our results also apply to the ladder compound with more 
than two legs. 

It is possible to have two T c 's corresponding to the 
two bands, respectively. However it is likely to have a 
single T c due to some proximity effects induced by the 
interactions which are not included here. 
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